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1. Introduction 

Let H he a complex Hilbert space, and Ai,...,Ai\i he N ^ 2 bounded self-adjoint 
operators in "H such that AiAj is compact for i ^ j. Define 

N 



a = J2a 




i=l 

1.1. On the essential spectrum of the sum of self-adjoint operators. The following 
result on the essential spectrum of A, <7e{A), is well-known in scattering theory (see, e.g., [31 
Proposition 3.1], [21 Lemma 1.5]). 

Theorem A. We have 

'[j^e{A,)]\{0}. 

For convenience of the reader, we will prove Theorem A (following [^) in Section [31 
What one can say about the point 0? 

If "H is infinite dimensional, then G U^icre{Ai). Indeed, it is easily checked, that 
if -81,-82 are bounded self-adjoint operators in "H such that B1B2 is compact, then ^ 
(Te(-Bi) =^ B2 is compact. Hence, if ^ cre(^i), then A2 is compact, and, consequently, 
aM^) = {0}. 

Thus, the following question arises naturally: when G ae{A)7 We will give an answer 
to this question in terms of projection valued spectral measures of Ai, -E^.(-), i = 1, . . . , N. 
Define the subspace 

N 

(1.1) ne = ne{A^,...,A^) = f]EAX[-e,e])'H, O 0. 

i=l 

Main Theorem. G (Te{A) if and only if the subspace T-Ls is infinite dimensional for any 
e>0. 
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1.2. On the closedness of the sum of operator ranges. We consider the following 
question: when the sum of ranges of Ai, Xlili Ran^Ai), is closed? This question arises nat- 
urally in connection with the following result having applications in theoretical tomography 
(see p] and the bibliography therein). 

Theorem B. Let Pi, . . . , Pn be orthogonal projections in "H. Suppose PiPj is compact for 
i 7^ j. Then J2i=i^^^iPi) ^■^ closed. 

Using Main Theorem, we prove a criterion for YliLi Rm^Ai) to be closed. Recall that 
the subspaces Tis, £ ^ 0, are defined by fll.ip . Clearly, 



Note that Hq C He for any e > 0. 

Theorem 1. YliLi R(in{Ai) is closed if and only if Tie = "Ho for some e > 0. 

Remark 1. Moreover, we will prove that if He Ho is finite dimensional for some e > 0, 
then J2iLi Ran{Ai) is closed. 

Remark 2. If '^f^^Ran{Ai) is closed, then J2iLi ^(^n{Ai) = H QHq. Indeed, suppose 
Xlili Ran{Ai) is closed. We have 



Hence, J2i=i Ran^Ai) =l-iQ Ho- 
using this criterion for Xlili RO''n{Ai) to be closed, we get the following generalization 
of Theorem B. 

Theorem 2. Let Ap^i, i = l,...,Np, p = l,...,m be bounded linear operators in H. 
Suppose Ap^j^Agj is compact for any p ^ q, i = 1, . . . , Np, j = 1, . . . , Ng. If Tip = 

^f^i Ran{Ap^i) is closed for any p = 1, . . . ,m, then Yl^=i '^p ^■^ closed. 



2.1. The essential spectrum of a self-adjoint operator. Let A be a bounded self- 
adjoint operator in a complex Hilbert space H. The essential spectrum of A, ae{A), is the 
set of all A G cr(y4) such that either A is a limit point of cr(A) or Ker{A — XI) is infinite- 
dimensional. The set crd{A) = \ ae{A) is called the discrete spectrum of A. Clearly, 
A G CdiA) if and only if A is an isolated point of cr(y4) and Ker{A — XI) is finite-dimensional. 

It terms of the spectral measure -E'a(') the essential spectrum of A can be characterized 
as follows: A G o^e{A) if and only if Ea{{X — e,X + s))^, is infinite-dimensional for any 



N 



'Ho = f^Ker{Ai). 




2. Auxiliary results and notions 



e>0. 
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More convenient for us is a description of cre{A) in terms of singular sequences. Recall 
that a sequence {xk \ k ^ 1}, Xk G "H, k ^ 1, is called a singular sequence for A at the 
point A if 

(1) Xfc — )■ weakly as /c — )■ oo; 

(2) Xk does not converge to as /c — )> oo; 

(3) {A - XI)xk as /c oo. 

Let us denote by sing{A, A) the set of all sequences {xk \ k ^ 1} which are singular for A 
at A. 

Proposition 2.1. A G cre{A) if and only if sing{A, X) ^ 0. 
2.2. On the sum of operator ranges. 

Proposition 2.2. Let /Ci, . . . , /C„ and % he Hilbert spaces, -Bj : /Cj — ?■ a bounded linear 
operators, i = 1, . . . ,n. If Yl^=i Ro.n{Bi) = Ti, then ^^{=1 ^iB* ^ el for some £ > 0. 

Proof. Define an operator i?:/Ci©...©/C„— T-Hby 

n 

B(xi, . . . ,Xn) = ^BiXi, Xi e JCi, i = l,...,n. 

1=1 

Then 5* : 7^ -> /Ci © . . . © /C„ and 

B*x = {Blx,...,B*x), xeU. 

Since Ran{B) = Yl^=i Ro,f^{Bi) = H, we conclude that B* is an isomorphic embedding, 
that is, there exists c > such that ||-B*x|| ^ c||x||, x ETi. We have 

n n n 

\\B*xf = J2 = ^{BiB*x,x) = {{J2BiB*)x,x). 

i=l i=l 1=1 

Hence, J2ti BiB* ^ c^I. □ 
We will need a simple corollary of Proposition 12.21 

Corollary 2.1. Let JCi, . . . , /C„ and "H be Hilbert spaces, Bi : ICi ^ H a bounded linear 
operators, i = 1, . . . ,n. IfJ27=i RO'Ti^Bi) is closed, then Yl^=i Ran^Bi) = Ran{J2^=i BiB*). 

The following proposition is well-known. 

Proposition 2.3. Let B be a bounded self-adjoint operator in "H. Ran{B) is closed if and 
only if a{B) n ((-e, 0) U (0, e)) = for some e > 0. 

The proof is trivial and is omitted. 

3. Proof of Theorem A 

To prove Theorem A, we need the following simple lemma which shows relation between 
singular sequences of two bounded self-adjoint operators whose product is compact. 

Lemma 3.1. Let Bi, B2 be bounded self-adjoint operators in Ti. Suppose B1B2 is compact. 
If {^k I A; ^ 1} G sing{B2, X) , where A 7^ 0, then {xk | A; ^ 1} G sing{Bi,0) . 
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Proof. We have {B2 — \I)xk 0, k -> 00. It follows that Bi{B2 — \I)xk — 0, A; — )■ 00, 
that is, BiB2Xk — XBiXk 0, k 00. Since -B1-B2 is compact and — )■ weakly, we 
conclude that BiB2Xk — )■ 0. Hence, XBiXk — )■ 0, A; — 00, whence, BiXk 0, k 00. 
Therefore, {xk \ k ^ 1} & sing{Bi,0). □ 

Proof of Theorem A. 1. Suppose that A G aessi^i) for some i, and A 7^ 0. Let us show 
that A G af.ss{A). There exists a sequence {xk | A; ^ 1} G sing{Ai, X). By Lemma l3.ll 
{xk \ k ^ 1} E sing{Aj, 0) for j 7^ i. We have 

(A - \I)xk = {Ai - \I)xk + ^ ^jXfc 0, k ^ 00. 

Hence, {xk \ k ^ 1} E sing{A, A), whence A G aess{A). 

2. Suppose that A G (Jess(A), A 7^ 0. Let us prove that A G (Jess(^i) for some i. There 
exists {xk I ^ 1} G sing {A, A). We have 

N 

(3.1) (A - XI)xk = - XI)xk ^0, A; ^ 00. 

Let i e {l,...,n}. Then - \I)xk ^ 0, k — i- 00. Since AiAj is compact for 

j ^ i and — )■ weakly, we conclude that AiAjXk — ?■ 0, A; — )■ 00 for j 7^ z. Hence, 
Ai{Ai — XI)xk — J- 0, A; — 00, that is, (Aj — A/)Aja;jt — > 0, A; — 00. 

Suppose that there exists i such that the sequence AiXk does not converge to as A; — 00. 
Then {AiXk | A; ^ 1} G sing{Ai, A), whence A G aess{Ai). 

Now assume that AiXk — )■ 0, A; — 00 for any i = 1, . . . ,N. From (13. ip it follows that 
Xxk — )■ 0, A; — )■ 00. Hence, — )■ 0, A; — )• 00, a contradiction. 

The proof is complete. □ 

4. Proof of Main Theorem 
To prove Main Theorem, we need the following two lemmas. 
Lemma 4.1. Let B,C be bounded self-adjoint operators in "H. If BC is compact, then 

EB{R\[~e,e])Ec{R\[-6,6]) 

is compact for any 6,6 > 0. 

Proof Set P = Eb{M\ [s, e]), Q = Ec{M \ [-6, 6]). Then B^ ^ e^P, ^ 6^Q. 

Since BC is compact, we see that BC^B is compact. Clearly, BC^B ^ S^BQB. Hence, 
BQB is compact. But BQB = {BQ){BQ)* . Consequently, BQ is compact. Then QB^Q 
is compact. Clearly, QB'^Q ^ e^QPQ. Hence, QPQ is compact. But QPQ = {QP){QP)*. 
Consequently, QP is compact. It follows that PQ is compact. □ 

Lemma 4.2. Let Pi, . . . , P„ be orthogonal projections in Ti. Suppose that PiPj is compact 
for any i ^ j . Then there exists e > such that 



a(^P,)n(O,£) = 0. 
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Proof. Set Tii = Ran{Pi), i = 1, . . . ,n. Define an operator F : 7{ — "Hi © . . . © Tin by 

Tx = (PiX, . . . , Pnx), X eH. 
Then T* : T^i © . . . © H„ ^ H and 

r (Xi, • • • ; •^n) H~ • • • "h ^n; ^ "^25 ^ • • • ; 

Hence, FT = ^"^^ P^. Clearly, the operator TF* : Hi © . . . © H„ ^ Hi © . . . © H„ and its 
block decomposition is equal to 

Since PjPj- is compact for any i ^ j, we conclude that TT* — / is compact. By the Weyl 
theorem, ^^.^(rr*) = cXessil) C {!}. Hence, ^ aessiXT*), whence cr(rr*) n {0,e) = for 
some 6>0. Since a(r*r)\{0} = (T(rr*)\{0}, we conclude that Pi)n(0, = 0. □ 

Proof of Main Theorem. 1. Suppose the subspace Tie is infinite dimensional for any e > 0. 
We claim that G cress(^)- To prove this, we construct {x^} G 3^(7(^,0) as follows. Take 

Xi G Hi, ||xi|| = 1. 

Suppose xi, . . . ,Xk have already been defined. Clearly, we can choose 

Xk+i G Hi/(A:+i), ||a;fc+i|| = 1 

such that Xk+i is orthogonal to Xi, i = 1, . . . , k. Hence, we obtain the sequence {xk \ k ^ 1}. 
By the construction, {x^ | A; ^ 1} is orthonormal. Moreover, ||y4jXA;|| ^ i = 1, . . . , N. 
It follows that ll^Xfcll ^ N/k, k ^ 1. Consequently, Axk — )■ as A; — )■ cxd. Hence, 
{xk I A; ^ 1} G sing{A,0), whence G aess{A). 

2. Suppose Tie is finite dimensional for some e > 0. Let us show that ^ aess{A). 
Define Pj = EaX^ \ e]), i = 1, . . . , N. By Lemma 14.11 PiPj is compact for any i 7^ j. 

N 



By Lemma [4.21 there exists 5 > such that cr(Y2-^^ Pi) fl (0, 6) = 0. It follows that 

N 



i=l 



where Q is the orthogonal projection onto Keri^^^^^ Pi). Clearly, 



Ker {fl^P^ = ^liKer{P,) = 5))H. 

Hence, Q is a finite dimensional orthogonal projection. Since ^ £^Pi, i = 1, . . . ,N, we 
have 

N N 
i=l 1=1 

Hence, 

AT 

(4.1) J]A2 + /ig^^/, 

2=1 
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where /z = 

Now we are in a position to prove that ^ (Tess(A). Suppose that G (Tess(^)- There 
exists a sequence {x^ | ^ 1} G sm(7(A, 0). We have (^^i^jOa;^ — )■ as A; — )■ oo. Let 
2 G {1, . . . , A^}. Then ^j)^k — > as A; — )■ oo. Since AjA^ is compact for j 7^ i, we 

see that AiAjXk — )■ as — )■ 00. Consequently, A^Xfc — )■ 0, — )■ 00. Since {xk \ k ^ 1} 
is bounded, we conclude that {Afxk,Xk) — )■ 0, A; — )• 00. Hence, ||yljXfc|p 0, k 00, 
whence AiXk — )■ 0, A; — > 00. Since Q is a finite dimensional operator and — )■ weakly, 
we conclude that Qxk — )■ 0, A; — )■ 00. From fl4.1l) it follows that 

N 

that is, 

N 
i=l 

It follows that Xfc — )■ as A; — )■ 00, a contradiction. 

Hence, ^ ae{A). □ 

5. Proof of Theorems [U and [2] 

Proof of TheoremUi Consider the orthogonal decomposition "H = "Hq©^- With respect to 
this decomposition = © Bi, i = 1, . . . , N, where is a bounded self-adjoint operator 
in /C. Since "Hq = n^]^-ft'er(Aj), we see that rifL^Ker^Bi) = {0}. Since AiAj is compact 
for i ^ j, we conclude that BiBj is compact for i ^ j. 

1. Suppose /2an(y4j) is closed. Let us show that Ti^ = T-Lq for some e > 0. 

X^ili Ran^Bi) = Ran^Ai) is closed. Since 

(TV \ Af N 

J2 Ran{Bi) = []{Ran{Bi))^ = f| Ker{B,) = 0, 
i=l / j=l i=l 

we conclude that Yld=i R'^'^i^i) = K,. By Proposition 12.21 J^iLi^f ^ el for some £ > 0. 
Set 6 = ^e/{2N). We claim that 'Hs = 'Hq. Let us prove this. We have EaX') = -^o(') © 
EbX-)- Hence, Sa,([-5,5]) = I ®Eb,{\-5,5]), whence ^^,([-5,5])^ = Ho©^b,([-5, 5])/C. 
Thus 

•H5 = ^o©n^iEB.(M,<5])/c. 

But n^iEB^([-5,5])/C = {0}. Indeed, suppose x G r\f^^EBX[-5,5])^ and a; ^ 0. Then 
^ <5||a;||, i = 1, . . . , A^. Hence, 

N N 



{{Y,B^)x,x) = Y,\\B^xr^N5'\\x 




i=l 1=1 

But {{Y.^=iBf)x,x) ^ We get a contradiction. Hence, n,^i£;B^([-5, (5])/C = {0}, 

and, consequently, l-Ls = "Ho- 
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2. Let us prove that if l-ie = Tio for some e > 0, then ^^^^^ Ran{Ai) is closed. We 
will prove a more stronger fact: if "He Tio is finite dimensional for some e > 0, then 
^^=1 Ran{Ai) is closed. 

Since Aj = ® Bf, we see that Ea2{-) = Eo{-) © Eb2{-). Hence, E^2([-£:2^ e^j^ = / © 

But E^2i[-e^e^]) = E\{[-e,s]). Hence>A.([-^,£]) = /©^B^h^''^'])' 
whence ^^.([-e, e])?^ = Hq ® EB2{[-e'^,e^])]C. Thus 

Thus, i?B2([— e^, e^])/C is finite dimensional. By Main Theorem, ^ <^e{J2iLi Bf) . More- 
over, since 

N N 

Ker{Y^Bf) = f]Ker{B,) = {0}, 

i=l i=l 

we conclude that ^ <^d{J2iLi ^f)- Hence, ^ o'iJ^iLi ^1)^ ^^at is, the operator Xlili 
is invertible. It follows that J2i=i Ro-n{Bi) = K,. Consequently, J2i=i Rani^Ai) = K, is 
closed. □ 

Now we are in a position to prove Theorem [2l 

Proof of Theorem 0. Define 

i=l 

Clearly, Bp is a bounded self-adjoint operator in "H. Moreover, BpBg is compact for p ^ q. 

From Corollary 12.11 it follows that Ran{Bp) = TZp, p = 1, . . . ,m. By Proposition 12.31 
there exists e > such that cr{Bp) fl ((— 0) U (0, e)) = for p = 1, . . . , m. It follows 
that EBp{[-e/2,e/2]) = ^b,({0}), and, consequently, EBp{[-e/2,6/2])n = Ker{Bi), p = 
1, . . . , m. Hence, 

ne/2iBu . . . , S„0 = n^^,Ker{Bp) = Ho(5i, . . . , 
By Theorem [1], Xl^i -^'^^(-^p) = closed. □ 
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